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A LIMIT SET INTERSECTION THEOREM FOR GRAPHS OF RELATIVELY HYPERBOLIC
GROUPS
SWATHI KRISHNA
Abstract. Let G be a relatively hyperbolic group that admits a decomposition into a finite graph of relatively
hyperbolic groups structure with quasi-isometrically (qi) embedded condition. We prove that the set of conju-
gates of all the vertex and edge groups satisfy the limit set intersection property for conical limit points (refer to
Definition 2.2 and Definition 2.22 for the definitions of conical limit points and limit set intersection property
respectively). This result is motivated by the work of Sardar for graph of hyperbolic groups [PSar].
1. Introduction
Limit set intersection theorem first appeared in the work of Susskind [Sussk], in the context of geomet-
rically finite subgroups of Kleinian groups. Later, Susskind and Swarup [SS] proved it for geometrically
finite purely hyperbolic subgroups of a discrete subgroup of Isom(Hn). Here, a hyperbolic group is a discrete
subgroup of Isom(Hn). A group G is geometrically finite if there is a finite sided fundamental polyhedron
for the action of G on H3. The works of Susskind and Swarup were followed by the work of J.W. Anderson
in [And94], [And95] and [And96] for some classes of subgroups of Kleinian groups. Susskind asked the
following question:
Question. Let Γ be a non-elementary Kleinian group acting on Hn for some n ≥ 2, and let H,K be non-
elementary subgroups of Γ, then is Λc(H) ∩ Λc(K) ⊂ Λ(H ∩ K) true? Here Λc(H) and Λc(K) denote the
conical limit sets of H and K (see Definition 2.2) respectively.
In an attempt to answer this, Anderson showed that if Γ is a non-elementary purely loxodromic Kleinian
group acting on Hn for some n ≥ 2 (cf.[And14]) and H and K are non-elementary subgroups of Γ, then
Λc(H) ∩ Λ
u
c(K) ⊂ Λc(H ∩ K), where Λ
u
c(K) denotes the uniform conical limit sets of K. But in [DS], Das
and Simmons constructed a non-elementary Fuchsian group Γ that admits two non-elementary subgroups
H,K ≤ Γ such that H ∩ K = {e} but Λc(H) ∩ Λc(K) , ∅, thus providing a negative answer to Susskind’s
question.
However, this prompts the following question in the context of hyperbolic and relatively hyperbolic
groups:
Question. Suppose Γ is a hyperbolic (resp. relatively hyperbolic) group and H,K are subgroups of Γ, then
is Λc(H) ∩ Λc(K) ⊂ Λ(H ∩ K) true?
In 2012, Yang [Yang] proved a limit set intersection theorem for relatively quasiconvex subgroups of
relatively hyperbolic groups. Limit set intersection theorem is not true for general subgroups of hyperbolic
groups, and it was known to hold only for quasiconvex subgroups until the recent work of Sardar [PSar]. In
the paper, he claimed that a limit set intersection theorem holds for limit sets of vertex and edge subgroups
of a graph of hyperbolic groups, however, in communication with Sardar it has been pointed out that this
only holds for conical limit sets, see [PSar1]. We generalize this to relatively hyperbolic graph of groups in
the following theorem:
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Theorem 1.1. Let G be a group admitting a decomposition into a finite graph of relatively hyperbolic
groups (G, Y) satisfying the qi-embedded condition. Further, suppose the monomorphisms from edge groups
to vertex groups is strictly type-preserving, and that induced tree of coned-off spaces also satisfy the qi-
embedded condition. If G is hyperbolic relative to the family C of maximal parabolic subgroups, then the set
of conjugates of vertex and edge groups of G satisfy a limit set intersection property for conical limit points.
The proof relies heavily on the ladder construction by Mj and Pal in [MjPal]. The terminology is briefly
recalled in section 3
Outline of the paper:
(1) First we recall the construction of the tree of relatively hyperbolic metric spaces associated to a
graph of relatively hyperbolic groups in 3
(2) We give a modified construction of the ladder from [MjPal] in 4
(3) Using Proposition 1, Lemma 5.3 and Lemma 5.4, we prove that if boundary points of two vertex
spaces are mapped to the same point under the Cannon Thurston map (see Definition 2.4), such that
the image is a conical limit point for each of these vertex spaces, then these boundary points can be
flowed (see Definition 5.1) to each other.
Finally, we prove Theorem 1.1 in 5.1
2. Preliminaries
2.1. Hyperbolic spaces. For definitions and basic properties of hyperbolic metric spaces, hyperbolic groups
and its boundary one may refer to [BH] and [KB]. For a quick review of limit points and results pertaining
to it, one may refer to [PSar].
Definition 2.1. Limit set (see [PSar]): Let X be a hyperbolic metric space and let Y be a subset of X. The
limit set of Y, denoted by Λ(Y), is defined to be Λ(Y) = {ξ ∈ ∂X | ∃ {yn} ⊂ Y st lim yn → ξ}.
Let (X, d) be a metric space. For a subset Y ⊂ X and R > 0, NR(Y) = {x ∈ X | ∃ y ∈ Y with d(x, y) ≤ R}.
Definition 2.2. Conical limit point:
(1) Let X be a proper hyperbolic metric space and Y ⊂ X. Then ξ ∈ ∂X is called a conical limit point
of Y if for any geodesic ray γ in X asymptotic to ξ, there is a constant R < ∞ such that, there exists
sequence {yn} in Y ∩ NR(γ) with lim yn → ξ.
(2) For a group H acting on X by isometries, ξ ∈ Λ(H) is a conical limit point of H if ξ is a conical
limit point of the orbit H · x0 for any x0 ∈ X.
(3) The set of all conical limit points of H is called the conical limit set and it is denoted by Λc(H).
The first two parts of Definition 2.2 also make sense for an infinite subgroup or subset H of a hyperbolic
group G. In that case, we may take X to be a Cayley graph of G and the action of H on X. We state two
results on conical limit set of any such H, which easily follow from [PSar, Lemma 1.2].
Lemma 2.3. Suppose G is a hyperbolic group and let H be a subset of G. Then for every g ∈ G,
(1) Λc(gHg
−1) = Λc(gH);
(2) Λc(gH) = gΛc(H).
This also holds for the set of non-conical limit points. Let Λnc(H) := Λ(H) \ Λc(H) denote the set of
non-conical limit points. Then clearly Λnc(gHg
−1) = Λnc(gH) and Λnc(gH) = gΛnc(H).
Definition 2.4. Cannon-Thurston map: Let X, Y be proper hyperbolic metric spaces and let f : X → Y be
a proper embedding. A Cannon-Thurston (CT) map f¯ : X → Y is a continuous extension of f .
Here, X = X ∪ ∂X and Y = Y ∪ ∂Y, i.e., their respective visual compactifications. We denote f |∂X by ∂ f .
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By [PSar, Lemma 2.6], if Cannon Thurston map exists for the map f : X → Y , where f , X, Y are as in the
above definition, then ∂ f (∂X) = Λ( f (X)).
Let X be a geodesic metric space. For any x, y ∈ X, a geodesic joining x and y is denoted by [x, y]. The
following are two basic results of δ-hyperbolic metric spaces.
Lemma 2.5. [Mj] Given δ > 0, there exists D, C1 such that if a, b, c, d are vertices of a δ-hyperbolic metric
space (X, d), with d(a, [b, c]) = d(a, b), d(d, [b, c]) = d(c, d) and d(b, c) ≥ D then [a, b] ∪ [b, c] ∪ [c, d] lies
in a C1-neighbourhood of any geodesic joining a and b.
Lemma 2.6. [Mj] Let (X, d) be δ-hyperbolic metric space. Let γ be geodesic in Y and x ∈ X. Let y be a
nearest point projection of x on γ. Then for any z ∈ γ, a geodesic path from x to y followed by a geodesic
path from y to z is a k-quasigeodesic, for some k = k(δ).
.
2.2. Relatively hyperbolic spaces. Relative hyperbolic groups was introduced by Gromov in his article
[Grom] on hyperbolic groups. Gromov [Grom], Farb [Farb] and Bowditch [Bo] provide good reference to
the various notions of relative hyperbolicity.
We briefly recall some important definitions and basic results here.
Definition 2.7. Coned-off space (see [Farb]): Let (X, d) be a path metric space and A = {Aα}α∈Λ be a
collection of uniformly separated subsets of X, i.e., there exists ǫ > 0 such that d(Aα, Aβ) > ǫ for all distinct
Aα, Aβ in A. For each Aα ∈ A, introduce a vertex ν(Aα) and join every element of Aα to the vertex by an
edge of length 1
2
. This new space is denoted by X̂ = E(X,A). The new vertices are called cone points and
Hα ∈ H are called horosphere-like sets. The new space is called a coned-off space of X with respect toA.
Terminology . (1) Let X be a geodesic metric space. For x, y ∈ X, d(x, y) or dX(x, y) denotes the
distance in the original metric on X. For any two subsets A, B ⊂ X, we denote the Hausdorff
distance between them by Hd(A, B). For C ≥ 0, NC(A) will denote the C-neighbourhood of A in X.
(2) The induced length metric on X̂ is called the electric metric.
(3) For a geodesic metric space (X, d), let X̂ denote the coned-off metric space relative to a collection of
horosphere-like sets {Aα}α∈Λ. Then for x, y ∈ X̂, dX̂(x, y) denotes the distance in the electric metric.
(4) Geodesics and quasigeodesics in X̂ are called electric geodesics and electric quasigeodesics re-
spectively.
(5) Let γ be a path in X. If γ penetrates a horosphere-like set Aα, we replace portions of γ inside Aα
by edges joining the entry and exit points of γ in Aα to ν(Aα). We denote the new path by γˆ. If γˆ
is an electric geodesic (resp. electric quasi-geodesic), we call γ a relative geodesic (resp. relative
quasigeodesic) in X.
(6) For any electric geodesic αˆ, we denote the union of subsegments of αˆ lying outside the horosphere-
like sets by αb.
(7) A path γ in X is a path without backtracking if it does not return to any coset Aα after leaving it.
Definition 2.8. Bounded region penetration property: Let (X,A) be as in Definition 2.7. The pair (X,A)
satisfies bounded region penetration property if, for every K ≥ 1, there exists B = B(K) such that if β and γ
are two relative K-quasi-geodesics without backtracking and joining the same pair of points, then
(1) if β penetrates a horosphere-like set Aα and γ does not, then the length of the portion of β lying
inside Aα is at most B, with respect to the metric on X;
(2) if both β and γ penetrate a horosphere-like set Aα, then the distance between the entry points of β
and γ into Aα and the distance between the exit points of β and γ from Aα is at most B, with respect
to the metric on X.
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Definition 2.9. Strongly relative hyperbolic space(see [Farb]): A metric space X is strongly hyperbolic
relative to a collection of subsets A if the coned-off space E(X,A) is a hyperbolic metric space and (X,A)
satisfies the bounded region penetration property.
Definition 2.10. Strongly relative hyperbolic group(see [Farb]): A group G is strongly hyperbolic relative
to a collection of subgroups H = {Hα}α∈Λ if the Cayley graph X, of G, is strongly hyperbolic relative to the
collection of subgraphs corresponding to the left cosets of Hα in G for every α ∈ Λ.
Another equivalent definition of relatively hyperbolic groups that we use is due to Gromov.
Definition 2.11. Hyperbolic cone (see [Grom]): Let (Y, d) be a geodesic space. Then the hyperbolic cone
of Y, Yh = Y × [0,∞) with the path metric dh is defined as follows:
(1) For (x, t), (y, t) ∈ Y×{t}, dh,t((x, t), (y, t)) = e
−td(x, y), where dh,t is the induced path metric on Y×{t}.
Paths joining (x, t) and (y, t) that lie in Y × [0,∞) are called horizontal paths.
(2) For t, s ∈ [0,∞) and any x ∈ Y, dh((x, t), (x, s)) = |t − s|. Paths joining such elements are called
vertical paths.
In general, for x, y ∈ Yh, dh(x, y) is the path metric induced by these vertical and horizontal paths.
Definition 2.12. Relatively hyperbolic space (see [Grom]): Let X be a geodesic metric space and A be a
set of mutually disjoint subsets. For each A ∈ A, we attach a hyperbolic cone Ah to A by identifying (x, 0)
with x for all x ∈ A. This space is denoted by Xh = G(X,A). X is said to be hyperbolic relative toA in the
sense of Gromov if G(X,A) is a complete hyperbolic space.
Definition 2.13. Relatively hyperbolic group (see [Grom]): Let G be a finitely generated group and H =
{Hα}α∈Λ be a collection of finitely generated subgroups. Let Γ be the Cayley graph of G and let H(g,α) be the
subgraph corresponding to the left coset gHα in Γ. We denote it by Γ
h = G(Γ, {H(g,α)}α∈Λ,g∈G). G is said to
be hyperbolic relative to H in the sense of Gromov, if Γh is a complete hyperbolic metric space.
Terminology . (1) For a geodesic metric space (X, d), let Xh denote the metric space with hyperbolic
cones attached to the collection of horosphere-like sets. Then for x, y ∈ Xh, dXh(x, y) denotes the
distance in the path metric of Xh. For any two subsets A, B ⊂ Xh, we denote the Hausdorff distance
between them by HdXh(A, B).
(2) For C ≥ 0, Nh
C
(Z) will denote a C-neighbourhood of a subset Z of (Xh, dXh).
(3) A geodesic (resp. quasigeodesic) in Xh is called a hyperbolic geodesic (resp. hyperbolic quasi-
geodesic).
(4) Let αˆ be an electric quasigeodesic without backtracking in X̂. For each Aα penetrated by αˆ, let x, y
be the entry and exit points of αˆ, respectively. We join x and y by a geodesic in Ahα. This gives a
path in Xh and we call it an electro-ambient quasigeodesic. This path is, in fact, a quasigeodesic
in Xh.
(5) The electro-ambient quasigeodesic corresponding to an electric geodesic αˆ is always denoted by α.
(6) Let G be hyperbolic relative to a collection of subgroups {Hα}. Let Γ denote a Cayley graph of G.
Then Hα and their conjugates are called parabolic subgroups. In Γ
h, each hyperbolic cone has a
single limit point in ∂Γh and it is called a parabolic limit point.
Remark 2.14. Suppose a metric space X is strongly hyperbolic relative to a collection of subsetsA, then the
space obtained by coning off the hyperbolic cones, E(G(X,A),Ah), is quasi-isometric to E(X,A). E(X,A)
is isometrically embedded in E(G(X,A),Ah) and E(G(X,A),Ah) lies in a 1-neighbourhood of the image of
E(X,A).
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Lemma 2.15. [Pal, Lemma 1.2.31] Let K ≥ 1, λ ≥ 0, ǫ > 0, r ≥ 0. Suppose X1, X2 are geodesic spaces and
HX1 ,HX2 are collections of ǫ-separated and intrinsically geodesic closed subspaces of X1, X2 respectively.
Let φ : X1 → X2 be a (K, λ)-quasi-isometry such that for each H1 ∈ HX1 , there exists H2 ∈ HX2 such that
Hd(φ(H1),H2) ≤ r in X2 and Hd(φ
−1(H2),H1) ≤ r in X1. Then φ : X1 → X2 induces a (K
h, λh)-quasi-
isometry φh : Xh
1
→ Xh
2
, for some Kh ≥ 1, λh ≥ 0.
Lemma 2.16. [Pal, Lemma 1.2.19] Let X be a geodesic metric space hyperbolic relative to a collection
of uniformly ǫ-separated, uniformly properly embedded closed subsets, in the sense of Gromov. Then X is
properly embedded in Xh i.e., for all M > 0, there exists N = N(M) such that dXh(i(x), i(y)) ≤ M implies
d(x, y) ≤ N, for every x, y ∈ X. Here i : X → Xh is the inclusion map.
Using Lemma 2.16, we prove the following result.
Lemma 2.17. Let X be a geodesic metric space hyperbolic relative to a collection of uniformly ǫ-separated,
uniformly properly embedded closed subsets A = {Aα}α∈Λ, in the sense of Gromov. Let γ be a geodesic ray
in Xh such that γ(∞) is not a parabolic limit point. Then for any R > 0, if x ∈ X such that x ∈ Nh
R
(γ), then
there exists R1 = R1(R) such that x ∈ NR1(γ ∩ X).
Proof. Let y ∈ γ such that dXh(x, y) ≤ R. If y ∈ γ ∩ X, by Lemma 2.16, there exists N1 = N(R) such that
dX(x, y) ≤ N1. Now, suppose y ∈ γ ∩ A
h
α, for some α ∈ Λ. Let γ1 denote the geodesic segment γ|[a,b], where
a denotes the entry point of γ into Aα and b denotes the exit point of γ from Aα. Let t ∈ [0,∞) such that for
(a, t), (b, t) ∈ Aα × {t}, dh,t((a, t), (b, t)) = e
−tdAα(a, b) = 1, where dh,t is the induced path metric on Aα × {t}.
Then, dAα(a, b) = e
t and t = ln dAα(a, b). Let λ1 and λ2 denote the vertical paths in A
h
α joining (a, 0) to
(a, t) and (b, 0) to (b, t) respectively. Let λ0 denote the horizontal path in A
h
α joining (a, t) to (b, t). The path
λ = λ1 ∗ λ0 ∗ λ2 is a quasigeodesic in A
h
α and by stability of quasigeodesics, there exists K1 > 0 such that
HdXh(γ1, λ) ≤ K1. Since y ∈ γ1, there exists z ∈ λ such that dXh(y, z) ≤ K1 and we have, dXh(x, z) ≤ R + K1.
But length of the quasigeodesic λ is 2t+1 and clearly, t ≤ R+K1 and dXh((a, 0), z) ≤ t+1 ≤ R+K1+1. Thus,
dXh((a, 0), x) ≤ 2(R + K1) + 1. By Lemma 2.16, there exists N2 = N(2(R + K1) + 1) such that dX(x, y) ≤ N2.
For R1 = max{N1,N2}, we have x ∈ NR1(γ). 
Definition 2.18. Electric projection(see [MjPal]): Let Y be a space hyperbolic relative to the collection
{Aα}α∈Λ. Let i : Y
h → E(G(Y,A),Ah) be the inclusion map. we identify E(G(Y,A),Ah) with Ŷ. Let αˆ be an
electric geodesic in Ŷ and α be the corresponding electro-ambient quasigeodesic. Let πα be a nearest point
projection from Yh onto α. Electric projection is the map πˆαˆ : Ŷ → αˆ given by:
For x ∈ Y, πˆαˆ(x) = i(πα(x)).
If x is a cone point of a horosphere like set Aβ ∈ A, choose some z ∈ Aβ and define πˆαˆ(x) = i(πα(z)).
Lemma 2.19. [MjPal, Lemma 1.16] Let Y be hyperbolic relative toA. There exists a constant P depending
upon δ, D, C1 such that for any A ∈ A and x, y ∈ A and a geodesic αˆ in Ŷ, then dŶ (i(πα(x)), i(πα(y)) ≤ P.
This implies that the electric projection is coarsely well-defined. The following theorem, due to Bowditch,
gives the equivalence between the two definitions of relative hyperbolicity:
Theorem 2.20. [Bo] The following are equivalent:
(1) X is hyperbolic relative to the collection of uniformly separated subsets A in X.
(2) X is hyperbolic relative to the collection of uniformly separated subsets A in X in the sense of
Gromov.
(3) Xh is hyperbolic relative to the collection Ah.
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For a proper hyperbolic metric space (Y, d), we can associate a topological space to it, i.e., its Gromov
boundary ∂Y . Bowditch generalized the Gromov boundary for hyperbolic groups, to the context of relatively
hyperbolic groups.
Definition 2.21. Bowditch boundary: Suppose X is a metric space hyperbolic relative to a collection of
subsets {Aα}α∈Λ. Then the Bowditch boundary (or relative hyperbolic boundary) of X with respect to {Aα}α∈Λ
is the boundary of Xh, and it is denoted by ∂Xh.
So, for a group G hyperbolic relative to a collection of subgroups H , its boundary is the boundary of Γh,
where Γ is a Cayley graph of G.
We end this section with the following definitions of limit set intersection property for relatively hyper-
bolic groups:
Definition 2.22. Limit set intersection property: Suppose G is a relatively hyperbolic group. Let S be a
collection of subgroups of G. Then S is said to have the limit intersection property if for every H, K ∈ S,
Λ(H) ∩ Λ(K) = Λ(H ∩ K).
Definition 2.23. Conical limit intersection property: A collection S of subgroups of a relatively hyperbolic
group G is said to have the conical limit intersection property if for every H, K ∈ S, Λc(H) ∩ Λc(K) =
Λc(H ∩ K).
3. Graph of groups
We briefly recall some definitions related to the graph of groups. One may refer to [Serre] and [SW] for
more details.
Definition 3.1. Graph (see [Serre]): A graph Y is an ordered pair of sets (V, E) with V = V(Y), the set of
vertices of Y and a set E = E(Y), the set of edges of Y, and a pair of maps
E → V × V e 7→ (o(e), t(e)); and E → E e 7→ e¯
satisfying the following conditions: o(e¯) = t(e), t(e¯) = o(e) and ¯¯e = e for all e ∈ E. Here, o(e) is the initial
vertex of the edge e and t(e) is the terminal vertex; e¯ is the inverse of e, i.e., the edge e with the opposite
orientation.
Definition 3.2.
(1) Graphs of groups: A graph of groups (G, Y) consists of a finite graph Y with vertex set V and egde
set E and for each vertex v ∈ V, there is a group Gv (vertex group) and for each edge e ∈ E, there is
a group Ge (edge group), along with the monomorphisms:
φo(e) : Ge → Go(e)
φt(e) : Ge → Gt(e)
with the extra condition that Ge¯ = Ge.
(2) Graphs of relatively hyperbolic groups:A graph of groups (G, Y) is a graph of relatively hyperbolic
groups if for each v ∈ V(Y), Gv is hyperbolic relative to a collection of subgroups {Hv,α}α and for
each e ∈ E(Y), Ge is hyperbolic relative to a collection of subgroups {He,α}α.
Definition 3.3. (see [MjR])
(1) QI-embedded condition: A graph of groups (G, Y) is said to satisfy the qi-embedded condition if
for every e ∈ E(Y), the monomorphisms φo(e) and φt(e) are QI-embeddings.
(2) Strictly type-preserving: A graph of relatively hyperbolic groups is strictly type-preserving if for
every e ∈ E(Y), each φ−1
o(e)
(Hv,α) and φ
−1
t(e)
(Hv,α) is either empty or some He,α.
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(3) QI-preserving electrocution condition: (G, Y) satisfies QI-preserving electrocution condition if in-
duced maps φˆo(e) : Γ̂e → Γ̂o(e) and φˆt(e) : Γ̂e → Γ̂t(e) are uniform qi-embeddings. Here, Γ̂e, Γ̂o(e)
and Γ̂t(e) denote the coned-off Cayley graphs of Ge, Go(e) and Gt(e) respectively relative to the corre-
sponding horosphere-like sets.
Definition 3.4. Fundamental group (see [Serre]): Let (G, Y) be a graph of groups. Let T be a maximal
subtree of Y. Then the fundamental group G = π1(G, Y, T ) of (G, Y) is defined in terms of generators and
relators as:
The generating set is the disjoint union of generating sets of the vertex groups Gv and the set E(Y) of
oriented edges of Y.
Relators are the following:
• relators from the vertex groups;
• e¯ = e−1;
• eφt(e)(g)e
−1 = φo(e)(g) for all edge e and g ∈ Ge;
• e = 1 if e ∈ E(T ).
Definition 3.5. Bass-Serre tree of a graph groups(see [Serre, Section 5.3, Section 5.4]): Let (G, Y) be a
graph of groups defined above and G be its fundamental group. The Bass-Serre tree is the tree T with vertex
set
⊔
v∈V(Y)G/Gv and edge set ⊔e∈E(Y)G/G
e
e. Here, G
e
e = φt(e)(Ge) < Gt(e).
So, for an edge gGee, o(gG
e
e) = gGo(e) and t(gG
e
e) = geGt(e).
Now we give a construction of trees of relatively hyperbolic metric spaces associated to a graph of rela-
tively hyperbolic groups.
Trees of relatively hyperbolic metric spaces from a graph of relatively hyperbolic graph of groups
(see [MjPal], [MjR], [PSar]):
Let Y be a finite graph and (G, Y) be a graph of relatively hyperbolic groups. Let T be a maximal subtree
of Y and G = π1(G, Y, T ) be the fundamental group of (G, Y). For each v ∈ V(Y), let Gv be the vertex group
hyperbolic relative to Hv = {Hv,α}α and for each e ∈ E(Y), let Ge be the edge group hyperbolic relative to
He = {He,α}α. For v ∈ V(Y), we fix the generating set of Gv to be S v and e ∈ E(Y), we fix the generating set
of Ge to be S e satisfying φt(e)(S e) ⊂ S t(e). Then S =
⋃
v∈V(Y) S v
⋃
(E(Y) \ E(T )) is a generating set of G. Let
Γ(G, S ) denote the Cayley graph of G with respect to S .
A tree of relatively hyperbolic metric spaces X for (G, Y) is a metric space admitting a map p : X → T
and satisfying the following:
(1) For every vertex v˜ = gGv ∈ V(T ), Xv˜ = p
−1(v˜) is a subgraph of Γ(G, S ) with V(Xv˜) = gGv and
gx, gy ∈ Xv˜ are connected by an edge if x
−1y ∈ S v. With the induced path metric dv˜, Xv˜ is a geodesic
metric space hyperbolic relative toHv˜ = {ggv,αHv,α| gv,αHv,α is a left coset of Hv,α in Gv}.
(2) For every edge e˜ = gGee ∈ E(T ), Xe˜ = p
−1(e˜) is a subgraph of Γ(G, S ) with V(Xe˜) = geG
e
e and
gex, gey ∈ Xe˜ are connected by an edge if x
−1y ∈ φt(e)(S e). With the induced path metric de˜, Xe˜ is a
geodesic metric space hyperbolic relative toHe˜ = {gge,αHe,α| ge,αHe,α is a left coset of He,α in Ge}.
(3) For an edge e˜ = gGee connecting vertices u˜ = gGo(e) and v˜ = geGt(e), if x ∈ G
e
e, we join gex ∈ Xe˜ to
gexe−1 ∈ Xu˜ and gex ∈ Xv˜ by edges of length
1
2
. These extra edges give us maps fe˜,u˜ : Xe˜ → Xu˜ and
fe˜,v˜ : Xe˜ → Xv˜ with fe˜,u˜(gex) = gexe
−1 and fe˜,v˜(gex) = gex.
(4) There exists a δ > 0 such that E(Xv˜,Hv) and E(Xe˜,He) are δ-hyperbolic metric spaces.
A tree of relatively hyperbolic metric spaces p : X → T satisfies qi-embedded condition if the maps
fe˜,u˜ : Xe˜ → Xu˜ and fe˜,v˜ : Xe˜ → Xv˜ are qi-embeddings. Further, strictly type-preserving is satisfied if
f −1
e˜,v˜
(Hv˜,α) is either some He˜,β ∈ He˜ or empty and for every He˜,α ∈ He˜, there exists v and Hv˜,β such that
fe˜,v˜(He˜,α) ⊂ Hv˜,β.
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For a tree of relatively hyperbolic metric spaces with vetrex spaces Xv˜ and edge spaces Xe˜, we can
associate a tree of coned-off metric spaces with vertex spaces E(Xv˜,Hv) and edge spaces E(Xe˜,He). This
is called the induced tree of coned-off spaces. We denote it by TC(X). The maps fe˜,u˜ : Xe˜ → Xu˜ and
fe˜,v˜ : Xe˜ → Xv˜ induce fˆe˜,u˜ : E(Xe˜,He˜) → E(Xu˜,Hu˜) and fˆe˜,v˜ : E(Xe˜,He˜) → E(Xv˜,Hv˜). If these induced
maps are qi-embeddings, then this tree of spaces satisfies qi-preserving electrocution condition.
Now we recall the following from [PSar]: Let v0 ∈ V(Y) be fixed. Then, Gv0 ∈ V(T ). Let x0 ∈ Xv0 denote
the identity element of Gv0 . By Milnor-Schwarz lemma, the orbit map Θ : G → X given by g 7→ gx0 is a
quasi-isometry.
Remark 3.6.
(1) There exists a constant D0 such that for every vertex space gGv ⊂ X, Hd(Θ(gGv), gGv) ≤ D0
(cf.[PSar, Lemma 3.5]). For any gg′ ∈ gGv, Θ(gg
′) = gg′x0. Let x denote the identity element in
Gv. Suppose γv be a geodesic joining x0 to x in X. Then gg
′γv is a path joining gg
′x0 to gg
′x in X,
for every g′ ∈ Gv. We choose D0 = max{l(γv) | v ∈ V(Y)}.
(2) Let v˜ = gGv ∈ V(T ). Θ induces a quasi-isometry Θg,v : gGv → Xv˜. For each x ∈ gGv, we map x to
y ∈ Xv˜ such that dX(Θ(x), y) ≤ D0. This map is coarsely well-defined. Θ induces a quasi-isometry
Θh : Gh → Xh and Θg,v induces a quasi-isometry Θ
h
g,v : gG
h
v → X
h
v˜
.
Definition 3.7. Cone locus: The cone locus of TC(X) is defined as a graph with the vertex set consisting
of cone points in the vertex spaces, {cv | v ∈ V(T )} and the edge set consists of the cone points in the edge
spaces, {ce | e ∈ E(T )} . For u, v ∈ V(T ), cu and cv are joined by an edge ce, for e ∈ E(T ) if o(e) = u,
t(e) = v in T , cu, cv and ce are cone vertices attached to horosphere-like sets Hu in X̂u, Hv in X̂v and He in
X̂e respectively, and fe,u(He) ⊂ Hu and fe,v(He) ⊂ Hv. Then the edge ce × [0, 1] joins cu and cv by identifying
ce × {0} to cu and ce × {1} to cv.
It is easy to see that the connected components of a cone locus are trees. Corresponding to each such
connected component, we get a tree of horosphere-like subsets in X. We denote the collection of such tree
of horosphere-like sets by C = {Cα}, where Cα’s are the tree of horosphere-like sets.
Denote by Xh, the quotient space G(X,C) obtained by attaching hyperbolic cones Chα to Cα ∈ C by
identifying (x, 0) to x for all x ∈ Cα. By Theorem 2.20, G(X,C) is a δ-hyperbolic metric space for some
δ > 0.
Recall from [MjPal] that the inclusion iv : (Xv,Hv) → (X,C) induces a uniform proper embedding
iˆv : X̂v → TC(X), i.e., for every M > 0, there exists N > 0 such that for any vertex v ∈ V(T ) and x, y ∈ X̂v,
dTC(X)(iˆv(x), iˆv(y)) ≤ M implies that dX̂v(x, y) ≤ N.
Suppose for every v ∈ V(T ), the inclusion map (Xv,Hv) → (X,C) is a proper embedding, then the
induced map iv : X
h
v → X
h is also a proper embedding.
Lemma 3.8. [MjPal, Lemma 1.20],[MjR, Lemma 2.11] Given k, ǫ ≥ 0, there exists K > 0 such that if α
and β denote respectively a (k, ǫ)- quasigeodesic in TC(X) and a (k, ǫ)- quasigeodesic in Xh joining a and
b, then β ∩ X lies in a K-neighbourhood of (any representative of) α in (X, d). Here, d denotes the original
metric on X.
4. Cannon-Thurston maps for tree of relatively hyperbolic spaces
4.1. Ladder construction of [MjPal]. Recall that for any edge e ∈ V(T ) joining vertices u and v, the maps
fe,u : Xe → Xu and fe,v : Xe → Xv are qi-embeddings. These induce qi-embeddings f
h
e,u : X
h
e → X
h
u and
f he,v : X
h
e → X
h
v respectively. Let C2 > 0 such that f
h
e,u(X
h
e ) and f
h
e,v(X
h
e ) are C2-quasiconvex subset of X
h
u and
Xhv respectively. LetC = C1+C2, withC1 from Lemma 2.5. Let D be the constant from Lemma 2.5. Further,
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fe,u and fe,v give a partially defined map from Xu to Xv with the domain restricted to fe,u(Xe). However, we
denote the map simply by φu,v : Xu → Xv, i.e., φu,v( fe,u(x)) = fe,v(x).
We construct the ladder for geodesic rays. Recall that p : TC(X) → T is an induced tree of coned-off
metric spaces. Fix the vertex v0 as the base point. Let v , v0 be a vertex of T .
Let αˆv ⊂ X̂v be a geodesic ray starting at a point outside the horosphere-like sets. Let αv be the
corresponding electro-ambient quasigeodesic ray. Consider the set of all edges incident on v except for the
edge lying in the geodesic joining v0 to v in T . Among them, choose the collection of all edges {ek}k∈I such
that diameter of the subset Nh
C
(αv) ∩ fek ,v(Xek ) is greater than D. Suppose each ek joins v to vk ∈ V(T ).
For each k ∈ I, let pk be a nearest point projection of αv(0) in N
h
C
(αv) ∩ fek ,v(Xek ) and let µˆk be an electric
geodesic in X̂v starting at pk such that, for its electro-ambient quasigeodesic µ, we have µ(∞) = αv(∞) in
∂Xhv . Let Φ̂(µˆk) denote the electric geodesic ray in X̂vk , starting at φv,vk (pk) such that its electro-ambient
quasigeodesic ray denoted by Φ(µˆk) and the quasigeodesic ray φ
h
v,vk
(µk) are asymptotic to the same point in
∂Xhvk . Define
B1(αˆ) = iˆv(αˆ) ∪
⋃
k Φ̂(µˆk).
Now, suppose we have constructed Bm(αˆ). Let wk ∈ p(Bm(αˆ)) \ p(Bm−1(αˆ)) and let iˆwk (αˆk) = p
−1(wk) ∩
Bm(αˆ), where αˆk is a geodesic ray in X̂wk . So Bm+1(αˆ) = Bm(αˆ) ∪
⋃
k B1(αˆk). The ladder Bαˆ = ∪m≥1Bm(αˆ).
Convex hull of p(Bαˆ) is a subtree of T and we denote it by T1.
4.1.1. Retraction map.
Definition 4.1. Retraction map: For each v ∈ V(T1), let πˆαˆv : X̂v → αˆv be the electric projection of X̂v onto
αˆv.
The retraction map Π̂αˆ : TC(X) → Bαˆ is defined by:
Π̂αˆ(x) = iˆv(πˆαˆ(x)) if x ∈ X̂v for v ∈ V(T1).
If x ∈ p−1(V(T ) \ V(T1)), we choose x1 ∈ p
−1(V(T1)) such that d(x, x1) = d(x, p
−1(V(T1))).
Then, Π̂αˆ(x) = Π̂αˆ(x1).
Lemma 4.2. [Minsky, Lemma 3.3] Let Y be a δ-hyperbolic geodesic metric space and Z ⊂ Y a subset
admitting a map Π : Y → Z such that there exists C > 0 satisfying:
• If d(x, y) ≤ 1, then d(Π(x),Π(y)) ≤ C;
• If y ∈ Z, then d(y,Π(y)) ≤ C.
Then Z is quasiconvex, and furthermore if γ is a geodesic in Y whose endpoints are within a distance a
of Z, then d(x,Π(x)) ≤ b for some b = b(a, δ,C) and every x ∈ γ.
Theorem 4.3. If TC(X) is hyperbolic, then Bαˆ is uniformly quasiconvex (independent of αˆ).
The retraction map is coarsely Lipschitz, i.e., there exists C0 > 0 such that, dTC(X)(Π̂αˆ(x), Π̂αˆ(y)) ≤
C0dTC(X)(x, y) + C0 for every x, y ∈ TC(X). Proof of this is similar to the proof of [MjPal, Theorem 2.2].
Then, Theorem 4.3 follows from this result, along with Lemma 4.2.
4.2. Vertical quasigeodesic rays. Let αˆv be an electric geodesic ray in X̂v starting at a point outside
horospheres. Let αv be its electro-ambient quasigeodesic. We have the ladder Bαˆv =
⋃
u∈V(T1) iˆu(αˆu).
Let Bbαv =
⋃
u∈V(T1) iˆu(α
b
u) ⊂ Bαˆv . For any x ∈ B
b
αv
, there exists u ∈ V(T1) such that x ∈ α
b
u. Let
σ = [un, un−1] ∪ · · · ∪ [u1, u0] be the geodesic in T1 with u0 = v and un = u.
Definition 4.4. Vertical quasigeodesic ray: A vertical quasigeodesic ray starting at x is a map rx : σ → B
b
αv
satisfying the following for a constant C′ ≥ 0:
dσ(u,w) ≤ d(rx(u), rx(w)) ≤ C
′dσ(u,w), for all u,w ∈ σ.
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Note: rx(ui) ∈ Xui and rx(un) = x.
We end this section with one of the most important results we use.
Theorem 4.5. [MjPal] For each v ∈ V(T ), CT map exists for the inclusion map iv : (Xv,Hv) → (X,C).
5. Limit Intersection Theorem
Let u, v be vertices connected by an edge e. Recall that φu,v : Xu → Xv is a partially defined qi-embedding.
By Lemma 2.15, we know that the induced map φhu,v : f
h
e,u(X
h
e ) → f
h
e,v(X
h
e ) is a qi-embedding and it induces
the embedding ∂φhu,v : ∂ f
h
e,u(∂X
h
e ) → ∂ f
h
e,v(∂X
h
e ) defined by ∂φ
h
u,v(∂ f
h
e,u(x)) = ∂ f
h
e,v(x).
Definition 5.1. Flow of a boundary point: Let ξ ∈ ∂Xhu and ∂φ
h
u,v(ξ) = η ∈ ∂Xv. Then we say η is a flow of
ξ and that ξ can be flowed into ∂Xhv .
If u0 , un and u0, u1, ..., un is the sequence of consecutive vertices in the geodesic [u0, un] in T then we
say ξ ∈ ∂Xhu0 can be flowed into ∂X
h
un
if there exists ξi ∈ ∂X
h
ui
such that ξ0 = ξ and ξi+1 = ∂φ
h
ui,ui+1
(ξi) for
0 ≤ i ≤ n − 1. And ξn is called a flow of ξ.
Lemma 5.2. Suppose ξ1 ∈ ∂X
h
v1
can be flowed to ∂Xhv2 and let ξ2 be the flow. Then ξ1 and ξ2 map to the
same limit point in ∂Xh under the respective CT maps.
Proof. It is enough to prove the case when v1 and v2 are adjacent vertices. Let e be the edge in T joining v1
to v2.
By the definition of flow, ξ2 = ∂φ
h
v1,v2
(ξ1). There exists ξe ∈ ∂Xe
h such that ∂ f he,vi (ξe) = ξi, for i = 1, 2.
Let {xn} be a sequence in X
h
e with xn → ξe as n → ∞. Then, for i = 1, 2, { f
h
e,vi
(xn)} is a sequence in X
h
vi
with
f he,vi (xn) → ξi as n→ ∞ and dXh(iˆe(xn), iˆvi ( f
h
e,vi
(xn))) =
1
2
. This implies that dXh(iˆv1 ( f
h
e,v1
(xn)), iˆv2 ( f
h
e,v2
(xn))) =
1. So, under CT map, both ξ1 and ξ2 map to the same element of ∂X
h. 
The converse of this lemma is false. However, we have the following:
Proposition 1. Let v1 , v2 ∈ T . Suppose ξi ∈ ∂X
h
vi
, i = 1, 2, map to the same point, say ξ, under the CT
maps ∂Xhvi → ∂X
h such that ξ is a limit point of both Xv1 and Xv2 . Then there exists w ∈ [v1, v2] ⊂ T such
that ξ1 and ξ2 can be flowed to ∂X
h
w.
Proof. We assume the contrary. Suppose there exists no w ∈ [v1, v2] ⊂ T such that ξ1 and ξ2 can be flowed
to ∂Xhw. Then there exists v
′
1
, v′
2
∈ [v1, v2] such that ξ1 can be flowed only till ∂X
h
v′
1
in the direction of Xhv2 and
ξ2 can be flowed only till ∂X
h
v′
2
in the direction of Xhv1 . Then, there are two possibilities.
Case 1: Suppose v′
1
∈ [v′
2
, v2].
In this case, we are done by taking w to be v′
1
.
Case 2: Suppose v′
1
< [v′
2
, v2].
We will show that this is not possible. We prove by contradiction. Using Lemma 5.2, without loss
of generality, assume v1 = v
′
1
and v2 = v
′
2
. For i = 1, 2, let αˆi ⊂ X̂vi be an electric geodesic ray with
corresponding electro-ambient quasigeodesic ray αi such that αi(∞) = ξi. Let Bi denote the ladder Bαˆi . Let
ui ∈ V(T ) be the vertex adjacent to vi in [v1, v2], and let the edge connecting vi and ui be ei. Since ξi cannot
be flowed into ∂Xui , for i = 1, 2, N
h
C
(αi) ∩ fei (Xei) has finite diameter in X
h
vi
.
Let {xn} be a sequence of elements in α
b
1
such that lim xn = ξ in ∂X
h and γ be a geodesic ray in Xh with
γ(0) = x1 and γ(∞) = ξ. For each n > 0, let yn ∈ γ be a nearest point projection of xn in γ. By Lemma 2.6,
the path γ|[x1 ,yn] ∗ [yn, xn], denoted by γn, is a quasi-geodesic . Similarly we choose {x
′
n} in α
b
2
with lim x′n = ξ
in ∂Xh. Let γ′ be a geodesic ray in Xh with γ′(0) = x′
1
and γ′(∞) = ξ. As above, for a nearest point
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projection y′n ∈ γ
′ of x′n in γ
′, we get a sequence of quasi-geodesics γ′n = γ
′|[x′
1
,y′n] ∗ [y
′
n, x
′
n]. We will show
that if Case 2 holds, then HdXh(γ, γ
′) = ∞, which is a contradiction.
Claim: Hd(γ ∩ X, γ′ ∩ X) = ∞.
Proof of the claim: Suppose not. Suppose there exists some M > 0 such that Hd(γ ∩ X, γ′ ∩ X) = M. Let
{zk} ⊂ γ ∩ X and {z
′
k
} ⊂ γ′ ∩ X such that zk → ξ, z
′
k
→ ξ in Xh and d(zk, z
′
k
) ≤ M. For each k > 0, there exists
nk such that zk ∈ γnk and z
′
k
∈ γ′nk . Let βnk and β
′
nk
denote geodesics joining x1 to xnk and x
′
1
to x′nk in B1 and
B2 respectively. By Theorem 4.3, these are quasigeodesics in TC(X). By Lemma 3.8, there exists K > 0
such that γnk
⋂
X and γ′nk
⋂
X lie in K-neighbourhood of βnk and β
′
nk
respectively. So there exists wk ∈ β
b
nk
and w′
k
∈ β′bnk such that d(zk ,wk) ≤ K and d(z
′
k
,w′
k
) ≤ K. Then, d(wk,w
′
k
) ≤ M + 2K = B, say.
Let Y1 and Y2 be the connected components obtained by removing Xe1 from X, with Y1 containing Xv1
and Y2 containing Xv2 . Since N
h
C
(α1) ∩ fe1 (Xe1 ) has finite diameter, only finitely many βnk pass through it.
So for infinitely many k, wk ∈ Y1. Since, for all such k, w
′
k
∈ Y2 and d(wk,w
′
k
) ≤ B, there is a sequence {tk}
in fe1 (Xe1), and hence in f
h
e1
(Xhe1 ), satisfying d(wk, tk) ≤ B. Thus, there exists a flow of ξ1 into X
h
u1
, which
contradicts our assumption. This proves the claim, which further implies that HdXh(γ, γ
′) = ∞. 
Now we show that the flow of a conical limit point is a conical limit point.
Lemma 5.3. Let v ∈ V(T ) and let ξv ∈ ∂X
h
v such that its image under the CT map, say ξ, is a conical limit
point of Xv. Suppose ξv can be flowed into ∂X
h
u and let ξu be the flow. Then ξu also maps to a conical limit
point of Xhu under the CT map.
Proof. It is enough to check the case when v and u are adjacent. Rest follows by induction. So without loss
of generality, assume that dT (v, u) = 1. Let e be the edge in T joining u to v. Let αˆu be an electric geodesic
ray in X̂u with an electro-ambient quasigeodesic ray αu satisfying αu(∞) = ξu. Let Bαˆu be a ladder. Since
ξu is a flow of ξv, we have ξu ∈ ∂ f
h
e,u(∂X
h
e ). So f
h
e,u(X
h
e ) is an unbounded subset of X
h
u . Let p ∈ f
h
e,u(X
h
e ) be a
nearest point projection of αu(0) on f
h
e,u(X
h
e ) and let µ be a geodesic ray in X
h
u starting at p with µ(∞) = ξu.
Then, αu and µ are finite Hausdroff distance apart in X
h
u . By quasiconvexity of f
h
e,u(X
h
e ), µ ⊂ N
h
C2
( f he,u(X
h
e )).
Let x ∈ αu such that for a nearest point projection y ∈ µ of x on µ, y satisfies dXhu (p, y) > D, for D > 0
from Lemma 2.5. Then by Lemma 2.5, [αu(0), p] ∪ µ|[p,y] ∪ [y, x] ⊂ N
h
C1
(αu). Doing this for all such x we
have, µ ⊂ Nh
C1
(αu). Therefore, for C = C1 + C2, N
h
C
(αu) ∩ fe,u(Xe) has infinite diameter in X
h
u . Hence, by
the construction of Bαˆu , the ladder extends to X̂v and αˆv = Bαˆu ∩ p
−1(v) is a geodesic ray in X̂u and for its
electro-ambient quasigeodesic ray, αv(∞) = ξv.
Let {xn} be a sequence of elements in α
b
v such that lim xn = ξ in ∂X
h and let γ be a geodesic ray with
γ(0) = x1 and γ(∞) = ξ. For each n > 0, let yn ∈ γ be a nearest point projection of xn in γ. By Lemma 2.6,
γn = γ|[x1 ,yn] ∗ [yn, xn] is a quasigeodesic ray in X
h. Since ξ is a conical limit point of Xv, by the definition
of conical limit points, there exists a real number R ≥ 0 and an infinite sequence of elements {wk} in Xv
such that limwk = ξ and wk ∈ N
h
R
(γ). Using Lemma 2.17, there is R1 = R1(R) such that, for each k, there
exists w′
k
∈ γ ∩ X satisfying dXh(wk,w
′
k
) ≤ d(wk,w
′
k
) ≤ R1. Let nk > 0 such that w
′
k
∈ γnk . For each k > 0,
let βnk be a geodesic in Bαˆu joining x1 to xnk . This is quasigeodesic in TC(X). By Lemma 3.8, for each
k, there exists zk ∈ β
b
nk
such that d(zk ,w
′
k
) ≤ K, where K is the constant from Lemma 3.8. This implies
that d(zk ,wk) ≤ K + R1. Since wk ∈ Xv, we have dT (v, p(zk)) ≤ K + R1 and dT (u, p(zk)) ≤ K + R1 + 1.
Then using the vertical quasigeodesic ray starting at zk, we get a sequence {tk} ⊂ α
b
u ⊂ Xu satisfying
d(tk, zk) ≤ C
′(K + R1 + 1). Then
dXh(tk,w
′
k
) ≤ dXh(tk, zk) + dXh(zk,w
′
k
) ≤ d(tk , zk) + d(zk,w
′
k
) ≤ C′(K + R1 + 1) + K = L, say.
Thus, we have an infinite sequence {tk} in Xu such that lim tk = ξ in X
h and tk ∈ N
h
L
(γ). Hence, ξ is a
conical limit point for Xu. 
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This is the last lemma required to prove Theorem 1.1.
Lemma 5.4. Let v ∈ V(T ) and ∂iv : ∂X
h
v → ∂X
h be the CT map. If ξ ∈ ∂iv(∂X
h
v ) is a conical limit point of
Xv, then |∂i
−1
v (ξ)| = 1.
Proof. We prove by contradiction. Let ξ1, ξ2 ∈ ∂X
h
v such that ∂iv(ξ1) = ∂iv(ξ2) = ξ ∈ ∂X
h. For i = 1, 2, let
αˆi be a geodesic in X̂v with its electro-ambient quasigeodesic αi satisfying αi(∞) = ξi. We follow the steps
of the proof of Lemma 5.3 with respect to αˆ1 and αˆ2 to get a pair of sequences of elements that are bounded
distance apart but converge to two different boundary points in Xhv .
Let {xn} and {x
′
n} be sequences of elements in α
b
1
and αb
2
such that lim xn = lim x
′
n = ξ in ∂X
h. Let γ and
γ′ be geodesic rays with γ(0) = x1, γ
′(0) = x′
1
and γ(∞) = γ′(∞) = ξ. So there exists K′ > 0 such that
HdXh(γ, γ
′) ≤ K′. For each n > 0, let yn ∈ γ and y
′
n ∈ γ
′ be nearest point projection of xn on γ and x
′
n
on γ′ respectively. By Lemma 2.6, γn = γ|[x1 ,yn] ∗ [yn, xn] and γ
′
n = γ
′|[x′
1
,y′n] ∗ [y
′
n, x
′
n] are quasi-geodesics
in Xh. Since ξ is a conical limit point of Xv, by the definition of conical limit points, there exists a real
number R ≥ 0 and an infinite sequence of elements {wk} in Xv such that limwk = ξ and wk ∈ N
h
R
(γ). Using
Lemma 2.17, there is R1 = R1(R) and R2 = R2(R + K
′) such that, for each k, there exists zk ∈ γ ∩ X and
z′
k
∈ γ′ ∩ X satisfying d(wk, zk) ≤ R1 and d(wk, z
′
k
) ≤ R2. For each k > 0, there exists nk > 0 such that
zk ∈ γnk and z
′
k
∈ γ′nk . For i = 1, 2, let Bi = Bαˆi . For each k > 0, let βnk denote a geodesic in B1 joining x1 to
xnk and λnk denote a geodesic in B2 joining x
′
1
to x′nk . These are quasigeodesics in TC(X).
By Lemma 3.8, there exists a constant K > 0 such that γnk
⋂
X lies in K-neighbourhood of βnk and
γ′nk
⋂
X lies in K-neighbourhood of λnk in X. So there exists tk ∈ β
b
nk
and t′
k
∈ λbnk such that d(zk, tk) ≤
K and d(z′
k
, t′
k
) ≤ K. Thus, d(wk, tk) ≤ R1 + K and d(wk, t
′
k
) ≤ R2 + K. Since wk ∈ Xv, for each k,
dT (v, p(tk))) ≤ R1 + K and dT (v, p(t
′
k
))) ≤ R2 + K. Using vertical quasigeodesic rays, we get sequences
{sk} and {s
′
k
} in αb
1
and αb
2
respectively, such that d(sk,wk) ≤ C
′(R1 + K) and d(s
′
k
,wk) ≤ C
′(R2 + K). Then
d(sk, s
′
k
) ≤ C′(R1 + R2) + 2C
′K. Since Xv → X is a proper embedding, dXv(sk, s
′
k
) is uniformly bounded in
Xv and lim sk = lim s
′
k
. Hence, ξ1 = ξ2. 
Corollary 5.5. Let v1 , v2 ∈ T . Suppose ξi ∈ ∂X
h
vi
, i = 1, 2, map to the same point, say ξ, under the CT
maps ∂Xhvi → ∂X
h, such that it is a conical limit point for both Xv1 and Xv2 , then ξ1 can be flowed into ∂Xv2
and ξ2 can be flowed into ∂Xv1 .
5.1. Proof of Theorem 1.1.
Proof. For i = 1, 2, let wi = giGvi ∈ V(T ), gi ∈ G and vi ∈ V(Y).
Then Gwi = StabG(wi) = giGvig
−1
i
.
Λc(giG
h
vi
g−1
i
) = Λc(giG
h
vi
) = giΛc(G
h
vi
).
So, it is enough to show that Λc(G
h
v1
) ∩ Λc(gG
h
v2
) = Λc(G
h
v1
∩ gGhv2g
−1).
It is clear that Λc(G
h
v1
∩ gGhv2g
−1) ⊂ Λc(G
h
v1
) ∩ Λc(gG
h
v2
) and we only need to prove
Λc(G
h
v1
) ∩ Λc(gG
h
v2
) ⊂ Λc(G
h
v1
∩ gGhv2g
−1).
Let ξ ∈ Λc(G
h
v1
) ∩ Λc(gG
h
v2
). Then there exists ξ1 ∈ Λc(G
h
v1
) and ξ2 ∈ Λc(gG
h
v2
) such that under the CT
maps, ξ1, ξ2 7→ ξ in ∂G
h.
Θh
1,v1
: Ghv1 → X
h
w1
and Θhg,v2 : gG
h
v2
→ Xhw2 are quasi-isometries, so there exists ξ
′
1
∈ ∂Xhw1 and ξ
′
2
∈ ∂Xhw2
such that ∂Θh
1,v1
(ξ1) = ξ
′
1
and ∂Θhg,v2(ξ2) = ξ
′
2
. For i = 1, 2, let λi be a geodesic ray in X
h
wi
with λi(∞) = ξ
′
i
. By
Corollary 5.5, there is a flow of ξ′
1
into ∂Xhw2 and ξ
′
2
is the flow. It also follows from the proof of Lemma 5.3
that the ladder Bλ1 extends to X̂w2 and without loss of generality, take λ2 = Bλ1 ∩ X̂w2 . Let {pk} be a
sequence of points on λ1 lying outside horoball-like sets such that lim pk = ξ
′
1
. Let dT (w1,w2) = N. Then
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using vertical quasigeodesic rays, there exists C′ ≥ 0 and a sequence {qk} in λ2, lying outside horoball-
like sets, such that lim qk = ξ
′
2
and d(pk, qk) ≤ C
′N. For each k > 0, let (Θh
1,v1
)−1(pk) = ak ∈ G
h
v1
and
(Θhg,v2)
−1(qk) = bk ∈ gG
h
v2
. Then d(ak , bk) ≤ d(ak, pk) + d(pk, qk) + d(qk , bk) ≤ D0 + C
′N + D0 = D
′. So
we have sequence of points {ak} in Gv1 and {bk} in gGv2 such that d(ak , bk) ≤ D
′ for all k > 0, and lim
ak = ξ1 and lim bk = ξ2. Let {ωk} be a sequence of geodesics in the Cayley graph Γ(G, S ) joining ak to bk
and let Wk be a word labelling ωk. Since there are only finitely many such words, there exists a constant
subsequence {Wkl} of {Wk}. Let hl = a
−1
k1
ak+l and h
′
l
= b−1
k1
bkl . Let h ∈ G be the element represented by Wkl .
Then an1hlh = an1hh
′
l
, i.e., hl = hh
′
l
h−1. Since h′
l
connects two elements of gGv2 , h
′
l
∈ Gv2 . This implies that
hl ∈ Gv1 ∩ hGv2h
−1
Then ak1hla
−1
k1
∈ ak1Gv1a
−1
k1
∩ ak1hGv2h
−1a−1
k1
= Gv1 ∩ gGv2g
−1.
Since d(ak1hla
−1
k1
, ak1hl) = d(ak1hla
−1
k1
, akl ) = d(1, ak1 ) for all l ∈ N, liml→∞ ak1hla
−1
k1
= liml→∞ akl = ξ1.
This completes the proof. 
While we are far from understanding a limit intersection theorem for general limit points of vertex and
edge groups of a graph of relatively hyperbolic groups satisfying the conditions of Theorem 1.1, the follow-
ing proposition sheds some light into the bounded parabolic limit points. For a finitely generated relatively
hyperbolic group G, under the action of G on ∂Gh, g ∈ G is a parabolic element if it has infinite order and
fixes exactly one point in ∂Gh. A subgroup containing only parabolic elements is a parabolic subgroup and
it has a unique fixed point in the boundary. This point is called a parabolic limit point. And a parabolic limit
point p is bounded parabolic if its stabilizer Gp in G acts cocompactly on ∂G
h \ {p}.
Proposition 2. [Yang, Proposition 3.3] Let H, J be infinite subgroups of a relatively hyperbolic group G.
If ξ ∈ Λ(H) ∩ Λ(J) is a bounded parabolic point of H and J, then ξ is either a bounded parabolic point of
H ∩ J, or an isolated point in Λ(H) ∩ Λ(J) and does not lie in Λ(H ∩ J).
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